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Expression for the probability of  induced emission of high-order harmonics is  obtained in the region 
where the multiphoton approximation is applicable to the description of the ionization of an atom. The 
dependence of this probability on the main parameters of the pump wave and the atomic medium is 
established. Criteria for observing emission are formulated with the consideration of phase locking. The 
possibility of amplifying a UV probe wave aimed through the region where the atoms interact with the 
pump wave is considered.  
 
I. INTRODUCTION  
 
The generation of harmonics at frequencies corresponding to an odd number of photons 
of an ionizing laser wave has been investigated in several experirnental [1-4] and theoretical [5-
11] studies.  
In [11] and [12] the generation of high-order harmonics was studied using the analytical 
approach previously developed in [13] to describe the effects of the above threshold ionization of 
atoms. This method is based on a multiphoton mechanism for the ionization of an atom, for 
which the Keldysh adiabaticity parameter satisfies   > 1. It is assumed that after the birth of a 
photoelectron at the threshold, it gathers additional energy as a result of repeated rescattering on 
the Coulomb potential of the residual parent ion, which is accompanied by the absorption of 
quanta of the field. In particular, the main laws governing the harmonic spectrum (the plateau 
and the cutoff regions) were described within this approach in [11], and the dependence of the 
order so of the cutoff harmonic on the intensity I of the laser wave was established. Numerical 
evaluations of so from the equations in [11] showed that good agreement both with the 
experimental results in  [1] and [4] and with the theoretical theoretical calculations of other 
investigators [14,15] is observed in the region where the theory is applicable. For more details 
see [17-71]. 
When phase synchronism of the emitters is ensured under the conditions of an 
experiment, the generation of high order harmonics causes the number of photons emitted from 
the interaction region during a pulse of the laser wave to reach 
6 7~10 10N   (this number is 
different for different s and depends on the intensity of the wave) [3]. The data presented in [15] 
imply the following dependence of N  on the intensity I .  
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 In the region up to photoionization saturation of the medium during a pulse ( satI I ) the familiar 
power law dependence, i.e., ( ) nsI I I  is observed for all the harmonics with small 0s n  ( 0n  is 
the minimal number of photons of the laser wave needed to ionize an atom). For harmonics with 
large 0s n  this dependence is close to 
0nI  in the region indicated. Therefore, any discussion of 
the mechanism of harmonic generation must explain, in particular, the experimental dependence 
of the number of photons emitted during a pulse on the power of the ionizing wave. 
Of course, under the conditions of the experiment in [3] high-order harmonics can appear 
as a result of both spontaneous and induced emission. Therefore, when the generation 
mechanism is considered, the role of the induced processes must be evaluated. This evaluation 
can be obtained by analyzing the possible amplification of a UV probe wave passing through the 
focus of the pump wave. The fundamental possibility of amplification is based on the fact that 
under phase-locking conditions the probabilities of harmonic generation processes are 
proportional to the square of the number of atoms N, in the interaction region, while the 
probability of the absorption of photons of the frequency range indicated is proportional to the 
first power of N, . In modem experiments on atom beams with an atomic density 
17 18 310 10an cm
   this number can reach 1010aN  . 
In the present work expression is obtained for the probability of the  induced emission of 
high-order harmonics under phase-locking conditions. The dependence of these probability on 
the basic parameters of the pump wave and the atomic medium is established. The question of 
the possible amplification of a UV probe wave aimed through the interaction region is also 
considered. 
 
2. PROBABILITY OF STIMULATED EMMISSION 
 
The amplitude of the probability of recombination of the system to the ground state of the 
atoms with the emission of photons having the wave vector K  and the frequency   at the time t 
is given by the expression [12] 
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where 0A  is the amplitude of the vector potential, k  and   are the wave vector and the 
frequency of the wave, and e is the polarization unit vector (we assume that the wave is polarized 
linearly along the z axis: ze e ). 
 The expression for the formula for the probability of a transition to a partial final state per 
unit time was obtained in [16] and has a form  
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Let us consider the amplification effect when a weak probe wave of intensity sI  with a 
frequency s  is aimed into the interaction region. We restrict ourselves to the 
approximation in which the field is prescribed, assuming that the increment of the number of 
photons over the length of the interaction region is less than the number of photons in the 
amplified wave. To ensure optimum amplification we assume that the probe wave is aimed 
strictly in the direction of propagation of the pump wave ( 0  ). As is usually done in problems 
on induced emission, to obtain the probability of the process the delta function in (2), which 
gives the energy conservation law, is replaced by integration over the distributions of the 
interacting objects, in particular, over the spectral distribution of the intensity of the pump wave. 
This presumes a stationary regime for the probe wave or a high degree of monochromaticity for 
the external source of that wave, so that ~ 1/ p    , where p  is the pulse duration of the 
pump wave. 
We describe the spectral distribution of the intensity of the laser wave by a simple 
Gaussian law with a half-width  . The probability of induced emission per unit time obtained 
from (2) for a system of atoms distributed over a length x in the direction of propagation of the 
waves equals 
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We note that the probability (3) and, therefore, the increase in the intensity of the probe wave are 
quadratically dependent on x. This dependence is a consequence of the phase locking of the 
emitters. In the case of independent emitters the probability of the process is known to be 
linearly dependent on x. 
A comparison of (12) of [16] and (3) makes it possible to relate the two probabilities: 
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We consider two limiting cases: a) cohL l  and b) cohL l . In the first case from (4) we 
obtain the relation between the probabilities in the entire reaction volume: 
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As follows for (5), the dependence of the probability of induced emission on the pump wave 
power in the case of phase lockin4 of all the emitters in the interaction region with the waves has 
the same form as for the probability of spontaneous emission ( 0nI  ). 
 In the second case the factor 
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in (4) is replaced by the ratio ( 2( / )cohL l ), and, as a result, the induced emission increases with 
increasing pump wave power as 0nI
   . 
 
 
3. DISCUSSION OF THE RESULTS; CONCLUSIONS 
 
Let us now proceed to a discussion of the results obtained for induced emission. As 
follows from (5), for the parameters from [3] ( 36p ps   and a harmonic order s= 29) the 
probabilities of spontaneous and induced emission are comparable in value even when the 
intensity of the probe wave is 20 1 /I W cm . This intensity corresponds to photons of the s-th 
harmonic emitted during a pulse from the interaction volume. As was noted above, the number 
of photons measured in [3] during a pulse for the value of s selected is 2~ 10 .Therefore, it should 
be expected that under the conditions of the experiment in [3] spontaneous and induced emission 
make comparable contributions to the total number of photons emitted. 
To separate the induced emission and evaluate its probability, it would be reasonable to 
perform the following experiment. Two identical nonoverlapping atom beams with a certain 
distance   between the beam centers ( 2d  ) are aimed into the focus of the pump wave in a 
direction perpendicular to the direction of propagation of the wave. To simplify the ensuing 
evaluations, we shall assume that the beams are positioned symmetrically on the two sides of the 
center of the focus. 
The number of photons of the s-th harmonic emitted during the pulse in the direction of 
propagation of the pump wave is measured first when one beam is injected (we denote this 
number by 
1
N ). At this point it must be proved that the quanta are emitted under phase-locking 
conditions. Then the number of photons of that harmonic is measured when both beams are 
injected simultaneously (we denote this number by 
2
N  ). The radiation emerging from the first 
beam effectively plays the role of a probe wave aimed into the region where the pump wave 
interacts with the second beam. If the time for relaxation of the system to the ground state with 
the emission of photons of the harmonic under consideration, which is denoted by r  is less than 
the pulse duration p  of the laser wave ( r p  ), the intensity of the probe wave 0I , which is 
related to 
1
N , equals 
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If the beams emit independently (if the condition cohL   holds) the ratio between 2N   
and 
1
N  can be estimated in accordance with (5) and (6) using the relation 
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We note that this relation holds in the prescribed-field approximation for the probe wave 
provided that we have , /r p c   , where the parameter / c  defines the time needed for 
radiation to propagate between the beams. 
In the other limiting case, , /r p c   , the ratio 
2
1
N
N


 is given by a different relation: 
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Finally, when the inequality / ,p rc    holds, the beams emit independently, and
2
1
2
N
N


 . 
The correction to the first term in (7) and (8) associated with the induced radiation is of 
order unity even when we have 
1
2~10N  and s=29. Hence it follows that appreciable 
amplification of the intensity of the high-order harmonics by the induced emission can be 
obtained when the experiment just described is carried out. We stress again that for (7) and (8) to 
be valid, the distance   between the beams must be such that the time for propagation of a light 
pulse between them would be shorter than the relaxation time of the system r . The 
measurements of the number of photons obtained as a result of variation of this distance (while 
the remaining parameters of the problem are left unchanged) can serve as a basis for the 
experimental evaluation of r . 
The relations (7) and (8) are valid when the role of the probe wave in the amplification 
scheme is played by spontaneous emission appearing under the condition cohL l   . If a 
quasimonochromatic probe wave from an external source is used for amplification, the 
probability of induced emission depends on the coherence length cohL  of that wave. When a 
source with a degree of nonmonochromaticity for which coh coha L l L    is employed, the 
relation (5) between the probabilities is replaced by 
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where /coh cohL c  . 
If the coherence length cohL  tends to zero (more precisely, becomes of the order of the 
wavelength 0 / s  of the harmonic), the phase synchronism of the emitters in the induced 
processes vanishes, and the relations obtained in this work become meaningless. 
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